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Using the AutoGraphiX system, we obtain conjectures of the form
l(n) q1 ⊕ i(G) u(n)where q1 denotes the signless Laplacian in-
dex of graph G, ⊕ is one the four operations +,−,×, /, i(G) is
another invariant chosen amongminimum, average andmaximum
degree, average distance, diameter, radius, girth, proximity, re-
moteness, vertex, edge and algebraic connectivities, independence
number, domination number, clique number, chromatic number
andmatching number, Randic´ index, l(n) and u(n) are best possible
lower and upper bounds function of the order n of G. Algebraic
conjectures are obtained in 120 cases out of 152 and structural con-
jectures in 12 of the remaining cases. These conjectures are known,
immediate or proved in this paper, except for 17 of them, which
remain open.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Spectral graph theory [1–3] studies properties of graphs using the spectrum of related matrices.
LetG = (V, E) denote a simple undirected graphwithout loops connected graphwith n = |V | vertices
andm = |E| edges. The oldest andmost studiedmatrix associated with G appears to be the adjacency
matrix A = (ai,j) where ai,j = 1 if vertices vi and vj of the graph G are adjacent and 0 otherwise.
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Another much studied matrix is the Laplacian, deﬁned by L = D − A where D is the diagonal matrix
with degrees of the vertices on the main diagonal. Recently, increasing attention has been devoted to
the signless Laplacian matrix deﬁned by Q = D + A [4–10]. One reason for this is that the signless
Laplacian spectrum seems to be more informative than the other commonly used graph matrices [7].
Before proving theorems, conjectures are needed. The computer can help in obtaining them, and in
somecasesdo that jobon its own. In the caseof the signless Laplacian spectrum, two systemswereused
to obtain conjectures. On the one hand, NewGraph [11], developed by Stevanovic´, which is a new and
streamlined version of the systemGRAPH [12] developed by Cvetkovic´ and his collaborators, was used
interactively. On the other hand, the system AutoGraphiX [13–15] developed in Montreal, was used
more systematically. A ﬁrst series of 29 conjectures were obtained by Aouchiche. They are presented,
and several of them proved in [8,16]. Some of these conjectures are on spectral eigenvalues of two
and sometimes all three of the matrices described above, including in all cases the signless Laplacian.
Although some of them could be proved, several appear to be difﬁcult and are still open. Cvetkovic´ [17]
suggested to use AGX in order to ﬁnd relations on one or more eigenvalues of the signless Laplacian
and one ormore graphical invariants among themost studied.We begin this task in the present paper.
To that effect, we consider relations of the following form:
l(n) q1 ⊕ i(G) u(n), (1)
whereq1 denotes the signless Laplacian indexof graphG,⊕ is one the fouroperations+,−,×, /, i(G) is
another invariant chosen among minimum, average and maximum degree, average distance, average
eccentricity diameter, radius, girth, proximity, remoteness, algebraic connectivity, vertex and edge
connectivity, independencenumber, dominationnumber, cliquenumber, chromaticnumber,matching
number, and Randic´ index, l(n) and u(n) are best possible lower and upper bounds function of the
order n of G. This form corresponds to the so-called AGX form 1 [18] for conjectures, after ﬁxing the
ﬁrst invariant at q1.
As observed by an anonymous referee AGX can also be used to obtain formulas which are non-
linear in q1 and possibly the second invariant i also. Reasons to consider relations of the form (1)
only in the paper are (i) their simplicity, which could make them useful in automated proof systems
such as the INGRID system [19] due to Brigham, Dutton and Gomez and the unnamed system of
Gernert [20], (ii) their proximity to the form of the much studied Nordhaus–Gaddum relations, i.e.
l(n) i(G) ⊗ i(G) u(n), where i is a graphical invariant, G is the complementary graph of G and ⊗
denotes the operation + or ×.
The paper is organized as follows. Preliminary results are given in the next section. They concern the
spectra of the signless Laplacian matrix of several families of extremal graphs, often encountered by
AGX.We also recall there a few important results needed in the proofs. Section 3 compares the signless
Laplacian index q1 of Gwith its minimum, average andmaximum degree, denoted respectively by δ, d¯
and Δ. Section 4 compares q1 with metric invariants: average distance l¯, diameter D, radius r, average
eccentricity ecc, girth g, proximity , and remoteness ρ . Recall that the eccentricity of a vertex is the
largest distance (or length of a shortest path) from it to another one. The maximum eccentricity is the
diameterand theminimumtheradius. Thegirth is the lengthof thesmallest cycle. Finally, theproximity
is theminimumaverage distance froma vertex to all others, and the remoteness themaximumaverage
distance from a vertex to all others. In Section 5, q1 is compared with connectivity invariants: vertex
connectivity ν , edge connectivity κ and algebraic connectivity a. Recall that the vertex connectivity
(respectively edge connectivity) is the smallest number of vertices (resp. edges) to be removed in
order to disconnect G. The algebraic connectivity is the second smallest eigenvalue of the Laplacian
matrix. In Section 6, q1 is comparedwith invariants based on the size of subsets ofG: the independence
numberα, the clique numberω, and the domination number β . Recall that the independence number
is the largest number of pairwise non-adjacent vertices. The clique number is the largest number of
pairwise adjacent vertices. The domination number is the smallest number of vertices in a set such
that any vertex belongs to that set or is adjacent to a vertex of that set. Miscellaneous invariants are
compared with q1 in Section 7: the chromatic number χ , the matching number μ and the Randic´
index Ra. Recall that the chromatic number is the smallest number of independent sets in a partition
of V (or in other words, the minimum number of colors to be given to G’s vertices in order that no two
adjacent vertices receive the same color). The matching number is the maximum number of pairwise
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non-incident edges. The Randic´ index is the sum of weights of the edges of G, deﬁned by the inverse of
the square root of the product of their end-degrees. Some easy results have been conﬁned to a more
detailed preliminary version of this paper [21]. Brief conclusions are drawn in Section 8.
2. Preliminary results
In this section, we give a fewmore deﬁnitions and introduce the corresponding notations. We then
gather results from the literature used in the proofs of the conjectures found. The simplest of these
proofs will also use characterizations of extremal graphs for each of the invariants considered. A list
of these invariants is given in [18].
2.1. Deﬁnitions and notations
In this paper, we denote the complete graph by Kn, the path by Pn, the cycle by Cn, and the star by
Sn, where n is the number of vertices of the graph. We denote by Kp,q the complete bipartite graph, p
and q being the cardinalities of its independent sets.
Wenext deﬁne less usual graph classeswhich appear as extremal graphs in anumber of conjectures.
A lollipop Loln,g is a graph obtained from a cycle on g vertices by attaching a pendant path on n − g
vertices to one of its vertices. A turnip Tun,g is a graph obtained from a cycle on g vertices by attaching
n − g pendant edges to one of its vertices. A kite Kin,ω is a graph obtained from a clique on ω vertices
by attaching a pendant path on n − ω vertices to one of its vertices. A bag Bagp,q is a graph obtained
from a complete graph Kp by replacing an edge uv by a pathPq. A bug Bugp,q1,q2 is a graph obtained from
a complete graph Kp by deleting an edge uv and attaching paths Pq1 and Pq2 at u and v, respectively.
A complete split graph SKn,α is a graph obtained from an empty graph on α vertices and a clique on
n − α vertices by adding all edges between them.
2.2. Some useful lemmas
Lemma 1 [10]. Let G be a graph on n 4 vertices. Then
2 + 2 cos π
n
 q1  2n − 2,
with equality if and only if G is the path Pn for the lower bound, and if and only if G is the complete graph
Kn for the upper bound.
Lemma 2 [7]. Let q1 be the largest eigenvalue of the signless Laplacian of a graph G. The following
statements hold:
(i) q1 = 0 if and only if G has no edges,
(ii) 0 < q1 < 4 if all the components of G are paths,
(iii) for a connected graph G, we have q1 = 4 if and only if G is a cycle or the complete bipartite graph
K1,3.
Lemma 3 [8]. Let T be a tree on n vertices. Then
2 + 2 cos π
n
 q1  n,
with equality if and only if G is the path Pn for the lower bound, and if and only if G is the star Sn for the
upper bound.
Lemma 4 [8]. Let S+n denote the graph consisting of a star on n vertices and an additional edge. Let G be a
unicyclic graph on n vertices. Then
4 q1  q1(S+n ),
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with equality if and only if G is the cycle Cn for the lower bound, and if and only if G is S
+
n for the upper
bound.
Lemma 5 [7]. Let G be a graph on n vertices with minimum, average and maximum vertex degrees δ, d¯
and Δ. Then
2δ  2d¯ q1  2Δ,
The equalities hold if and only if G is regular.
Lemma 6 [7]. Let G be a graph on n vertices with vertex degrees d1, d2, . . . , dn. Then
min
i∼j (di + dj) q1 maxi∼j (di + dj),
where (i, j) runs over all pairs of adjacent vertices of G (as indicated by the notation i ∼ j). For a connected
graph G, equality holds in either of these inequalities if and only if G is regular or semi-regular bipartite.
Lemma 7 [22]. Let G be a graph on n vertices. Then
q1 max(di + mi),
where i runs over the vertices of G, di denotes the degree of the vertex vi and mi = ∑vj∼vi(dj/di) denotes
the average degree of the neighbors of vi.
Lemma 8 [8]. Let G be a graph on n vertices with maximum degree Δ. Then
q1 Δ + 1.
Equality holds if and only if G is the star Sn.
Lemma 9. Let G be a graph on n vertices. Then
q1  λ1 + Δ,
where λ1 denotes the spectral radius of G. The equality holds if and only if G is regular.
Proof. Let G be a graph on n vertices. Let Q, A and D be respectively its signless Laplacian, adjacency
and degrees diagonal matrices, and x be a normalized eigenvector corresponding to q1. Then
〈x, q1x〉 = 〈x, Dx〉 + 〈x, Ax〉 λ1 + Δ.
Moreover, as the adjacency matrix A is a non-negative irreducible matrix, its largest eigenvalue λ1 is
simple and has a positive eigenvector. Hence if 〈x, Ax〉 = λ1, and G is not regular then 〈x, Dx〉 < Δ. The
equality when G is regular is obvious. 
Lemma 10 [8,10]. Let G be a graph on n vertices. Then
2λ1  q1,
where λ1 denotes the spectral radius of G. The equality holds if and only if G is regular.
Lemma 11 Interlacing theorem [8]. Let G be a graph on n vertices and m edges and let e be an edge of
G. Let q1, q2, . . . , qn (q1  q2  · · · qn) and s1, s2, . . . , sn (s1  s2  · · · sn) be the signless Laplacian
eigenvalues of G and G − e respectively. Then,
0 sn  qn  · · · s2  q2  s1  q1.
From the Perron–Frobenius theory on non-negative matrices (see for example [23]) follow further
properties concerning q1. For a connected graph, q1 is a simple eigenvalue and its corresponding
eigenvector is positive. Moreover, deleting an edge or a vertex of G strictly decreases q1.
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Lemma 12 [7,24]. Let G′ be a graph obtained from a connected graph G (on n vertices) by rotating the edge
rs around r to the position of a non-edge rt. Let x = (x1, x2, . . . , xn)T be the Perron-eigenvector associated
to the largest Q-eigenvalue of G. If xt  xs then q1(G′) > q1(G).
Deﬁnition 13 [25]. Let G be a graph. An internal path of G is a sequence of vertices v0v1 . . . vk+1 k 2,
where v0, v1, . . . vk are distinct, vk+1 and v0 of degree a least 3 and not necessarly distinct, dvi = 2,
and vi−1 and vi are adjacent, for i = 1, . . . , k.
Lemma 14 [25]. Let G be connected graph and uv be some edge on the internal path of G as deﬁned above.
If we subdivide uv, that is, substitute it by uw, wv, with a new vertex w, and denote the new graph by Guv,
then q1(Guv) < q1(G).
2.3. Signless Laplacian spectra of some graphs
We now review or compute the signless Laplacian spectrum for several families of graphs.
2.3.1. The complete graph
Let G be the complete graph Kn on n vertices. Its signless Laplacian is Q = J + (n − 2)I and the
Q-spectrum is composed of a simple eigenvalue q1 = 2n − 1 and an eigenvalue qn = n − 2 with
multiplicity n − 1.
2.3.2. The complete bipartite graph
The signless Laplacian spectrum of the complete bipartite graph Kp,q is (0)
1, (p)q−1, (q)p−1, (p +
q)1. An eigenvector corresponding to 0 is x = (x1, x2, . . . , xn), where xi = 1 for i = 1, 2, . . . , p and xi =−1 for i = p + 1, p + 2, . . . , n. An eigenvector corresponding to n is x = (x1, x2, . . . , xn), where xi = 1
for i = 1, 2, . . . , p and xi = pq for i = p + 1, p + 2, . . . , n. The eigenspace Vp (resp Vq) corresponding
to the eigenvalue p (resp q) is deﬁned by Vp =
{
x ∈ Rn
∣∣∣∑pi=1 xi = 0, xi = 0 for i p + 1} (resp Vq ={
x ∈ Rn|xi = 0 for i p,∑ni=p+1 xi = 0}).
2.3.3. The complete split graph
The signless Laplacian spectrum of the complete split graph Kn,α is 3n/2 − α − 1 −√
n2+4nα−4α2−4n+4, (n − α)α−1, (n − 2)n−α−1, 3n/2 − α − 1 + √n2 + 4nα − 4α2 − 4n+4.
2.3.4. The short kite, Kin,n−1
The signless Laplacian spectrum of the kite Kin,n−1 is
(
n − 3/2 − √4n2 − 20n + 33/2
)1
,
(n − 3)n−3, (n − 2)1,
(
n − 3/2 + √4n2 − 20n + 33/2
)1
.
2.3.5. The complete graph less an edge, Kn − e
The signless Laplacian spectrum of Kn − e is
(
3n/2 − 3 − √n2 + 4n − 12/2
)1
, (n − 2)n−2,(
3n/2 − 3 + √n2 + 4n − 12/2
)1
.
2.3.6. The cycle
Let G be the cycle Cn on n vertices. The signless Laplacian eigenvectors are (1, ζ , ζ
2, . . . , ζ n−1)T
where ζ n = 1, and the corresponding eigenvalues are 2 + ζ + ζ−1. So the signless Laplacian spec-
trum consists of the numbers 2 + 2 cos(2π j/n) (j = 0, 1, 2, . . . , n − 1). When n is even then 2 +
2 cos(2π j/n) = 0 for j = n/2, otherwise 2 + 2 cos(2π j/n) > 0 for all j ∈ {0, 1, 2, . . . , n}.
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2.3.7. The path
Let G be the path Pn on n vertices. Its signless Laplacian spectrum consists of the numbers 2 +
2 cos(π j/n) (j = 1, 2, . . . , n).
3. Bounds using degrees
In this section, we begin the systematic study of bounds by considering, together with q1, the
minimum, average and maximum degree, δ, d¯ and Δ.
Proposition 15. Let G be a connected graph on n 4 vertices with signless Laplacian index q1, minimum
degree δ and average degree d¯. Then
2 q1 − δ  n − 5
2
+
√
4n2 − 20n + 33
2
, (2)
2 q1 − d¯, (3)
q1/δ  n − 3
2
+
√
4n2 − 20n + 33
2
, (4)
q1/d¯
n2
2n − 2 . (5)
The lower bounds for (2) and (3) are attained by and only by the cycle Cn.
The upper bounds for (2) and (4) are attained by and only by the kite Kin,n−1. The upper bound for (5)
is attained by and only by the star Sn.
Proof. Let G be a connected graph on n vertices.
(a) Lowerbound for (2). It is known that for any connectedgraph, q1  2δ, so the inequality is obvious
when δ  2.
If G has minimum degree δ = 1 then q1 − δ  1 + 2 cos(π/n) > 2 for all n 4. If δ = 2 then
q1  4 and is minimum if and only if G is a cycle.
(b) Lower bound for (3). It is known that q1  2d¯ [7]. The result is obvious for d¯ 2. Let G be a
connected graph with d¯ < 2, then G is a tree. In this case, q1 − d¯ 2 cos(π/n) + 2/n, which is
attained for the path. The series (un)n 2 deﬁned by un = 2 cos(π/n) + 2/n decreases for n 9
and increases for n 10. Moreover u9 = 2.1016 > 2 and u10 = 2.1021 > 2. This completes the
proof.
(c) Upper bound for (2). It is obvious that, for δ = 1, q1 is maximum for the kite Kin,n−1. Indeed, if G
is not Kin,n−1, it is possible to strictly increase q1 by adding edges, without changing δ. Moreover
q1(Kin,n−1) = n − 3/2 +
√
4n2 − 20n + 33/2 > 2n − 4 by the interlacing theorem.Hence, for
δ  3, q1 − δ  2n − 5 < q1(Kin,n−1) − 1.
For δ = 2, q1 is maximum for Ki+n,n−1, the graph obtained from Kin,n−1 by adding an edge. We
have q1(Ki
+
n,n−1) = n − 1 +
√
n2 − 6n + 13 < 2n − 3, for all n 5. Hence q1(Ki+n,n−1) − 2 <
2n − 5 < q1(Kin,n−1) − 1.
For n = 4, q1(Kin,n−1) − 1 = 3.562 and q1(Ki+n,n−1) − 2 = 3.236.
(d) Upper bound for (4). We use the same method as above. We have q1(Kin,n−1) > 2n − 4, and if
δ  2, then q1/δ  n − 1 < 2n − 4.
(e) Upper bound for (5). Let G be a graph on n vertices. If G is a tree d¯ = 2 − 2/n and q1  n with
equality if and only if G is the star Sn, hence q1/d¯ n2/(2n − 2).
It is known that q1 − d¯ n − 1 (a known conjecture [8] recently proved by Fengh and Yu [26]).
So we have
q1
d¯

n − 1
d¯
+ 1 n + 1
2
,
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Now
(n + 1)(2n − 2)
2n2
= n
2 − 1
n2
< 1,
thus q1/d¯ n2/(n − 2) with equality for and only for the star Sn. 
Other known or easy results involving degrees are described in [21].
4. Bounds using metric invariants
In this section, we ﬁrst consider bounds involving q1 and several well-known metric invariants:
average distance l¯, diameter D, radius r, average eccentricity ecc, and girth g. We also consider two
recently introduced invariants, proximity  and remoteness ρ [27,18].
Proposition 16. Let G be a connected graph on n 4 vertices with signless Laplacian index q1, average
distance l¯, diameter D, radius r and eccentricity ecc. Then
q1 + l¯ 2n − 1, (6)
q1 + D 3
2
n − 1 +
√
n2 + 4n − 12
2
, (7)
q1 + r  2n − 1, (8)
q1 + ecc  2n − 1. (9)
The bounds for (6), (8) and (9) are attained by and only by the complete graph Kn. The bound for (7) is
attained by and only by Kn − e, the graph obtained from Kn by deleting an edge.
Proof. (a) Upper bound for (6). From Lemma 9, we have q1 + l¯ = (q1 − λ1) + (λ1 + l¯), where λ1
denotes the index of the adjacency matrix of G. It is proved in [27] that λ1 + l¯ n, with equality
if and only if G is a complete graph. Moreover, q1 − λ1 Δ and equality holds in particular for
the complete graph. The result follows.
(b) Upper bound for (7). Let G be a graph on n vertices, with maximum degree Δ and diameter D.
If D = 1, q1 + D 2n − 1.
If D = 2, q1 is maximum for Kn − e and, for n 4, we have
q1(Kn − e) − 2 = 3
2
n − 1 +
√
n2 + 4n − 12
2
> 2n − 1.
If D 3, as it is known [27] that Δ n + 1 − D, it follows that
q1 + D 2n + 2 − D 2n − 1.
This completes the proof.
(c) Upper bound for (8). We have q1 + r = (q1 − Δ) + (Δ − r). Moreover it is known that
q1 − Δ n − 1 and Δ + r  n.
In the ﬁrst inequality the bound is reached by and only by the complete graph. In the second
inequality [27, p. 193], the bound is reached if and only if G satisﬁes Δ = n − 1 or r = 2 and
Δ = n − 2. Hence q1 + r  2n − 1 with equality if and only if G is the complete graph.
(d) Upper bound for (9). Let G be a graph on n vertices, with average degree d¯ and diameter D. Let di
and mi denote respectively the degree of the vertex vi and the average degree of the neighbors
of vi.
If D = 1, then G is the complete graph Kn, and q1 + ecc = 2n − 1.
If G is not the complete graph, then ecc D − 1/n. Hence, if D 3, q1 + ecc  2n − 1 − 1/n.
IfD = 2and ifdi + mi ismaximumforanon-dominatingvertexvi, then, fromLemma7,q1  di +
mi  2n − 3 and q1 + ecc  2n − 1 − 1/n.
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If D = 2 and if di + mi is maximum for a dominating vertex vi, then q1  di + mi  n − 1 +
(nd¯ − (n − 1))/(n − 1) = n − 2 + d¯ + d¯/(n − 1). Recall that d¯ + ecc  n [27], hence q1 + ecc
 n − 2 + d¯ + ecc + d¯/n − 1) 2n − 2 + d¯/(n − 1) < 2n − 1, as d¯ < n − 1. 
Conjecture 17. Let G be a connected graph on n 9 vertices with signless Laplacian index q1 and diameter
D. Then, q1 · D is maximum for and only for the bug Bugn/2,p,q with diameter D = (n + 1)/2, p =D/2 and q = D/2.
Conjecture 18. Let G be a connected graph on n 4 vertices with signless Laplacian index q1 and radius r.
Then, if n 13, q1 · r is maximum for and only for the bag Bagn−2r+3,2r−1 with radius r = (n + 3)/2.
Moreover, if 4 n 12, q1 · r is maximum for and only for the complement of a perfect matching if n
is even, and for and only for the complement of a perfect matching on n − 3 vertices and a triangle on the
three remaining vertices if n is even.
Some further easy results involving metric invariants are given in [21].
Beforediscussing relationson thegirth,wepresent twopreliminary resultswhichmaybeof interest
in their own right.
Proposition 19. Let G be a graph such thatΔ 3with an induced pending path P. Let x = (x1, x2, . . . , xn)
be the Perron-eigenvector corresponding to q1. Let P = v1v2 · · · vk where v0 is a pending vertex. Then
xv1  xv2  · · · xvk .
Proof. We prove this by induction on j (j = 1, 2, . . . , k). For j = 1 the eigenvalue equation applied to
the vertex v1 gives
q1xv1 = xv1 + xv2 ,
as x is the Perron-eigenvector, xi  0 for i = 1, 2, . . . , n, and
xv2 = (q1 − 1)xv1 Δxv1 > xv1 .
Now suppose that xvj−1  xvj . From the eigenvalue equation we have,
q1xvj = 2xvj + xvj−1 + xvj+1 ,
hence,
xvj+1 = (q1 − 2)xvj − xvj−1 ,
By our induction hypothesis xvj−1  xvj , we have
xvj+1 (q1 − 2)xvj − xvj = (q1 − 3)xvj > xvj (as q1 > 4).
The result follows. 
Proposition 20. Let G be a graph with an induced subgraph T which is a pending tree and not a path. Let
G′ be the graph obtained from G by replacing the tree T by a path P with an equal number of edges, then
q1(G) > q1(G
′).
Proof. Let v be a vertex of T with degree dv  3 different from the root vr of T such that, for all vertices
u ( /= v) reachable from vr via v, du  2. We denote by v1 the vertex adjacent to v in one of the paths
attached to v and by v2 the pending vertex of another such path.
Let G′ be a graph obtained G by rotating the edge v1v around v1 to the position of a non-edge
v1v2. Let x
′ = (x′1, x′2 . . . x′n) be the Perron-eivenvector of Q(G′) corresponding to q1. From Lemma 19,
we have xv  xv2 , hence from Lemma 12, q1(G) > q1(G
′). It is possible to repeat this operation until
obtaining a path. This completes the proof. 
Theorem 21. Let G be a connected graph on n 4 vertices with signless Laplacian index q4 and girth g.
Then
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4 − n q1 − g  2n − 5, (10)
q1(Kin,3) + 3 q1 + g  2n + 1, (11)
4
n
 q1/g  (2n − 2)/3, (12)
3q1(Kin,3) q1 · g.
⎧⎪⎪⎨
⎪⎪⎩
6n − 6, if 4 n 15,
q1(Tun,n/2+2)(n/2 + 2), if n 16,
orq1(Tun,n/2+1)(n/2 + 1), if n 16,
and n is even.
(13)
The lower bounds for (10) and (12) are attained by and only by the cycle Cn. The lower bounds for (11)
and (13) are attained by and only by the kite Kin,3.
The upper bounds for (10), (11) and (12) are attained by and only by the complete graph Kn. The upper
bound for q1 · g is attained by the complete graph Kn, if 4 n 15.Moreover, q1 · g ismaximal for and only
for the turnip Tun,n/2+2 with girth g = n/2 + 2, if n 17 and n is odd, and for the turnip Tun,n/2+2 or
possibly for Tun,n/2+1, if n 16 is even.
Proof. (a) The upper bounds for (10) and (12) and the characterisations of the corresponding ex-
tremal graphs are immediate.
(b) Lower bounds for (10) and (12). For the girth to be deﬁned G is not a tree. Then, q1 is minimum
for the cycle and g is maximum for the cycle. The results follow.
(c) Upper bound for (11). We have q1 + g = (q1 − Δ) + (Δ + g). Moreover it is known that
q1 − Δ n − 1 and Δ + g  n + 2.
In the ﬁrst inequality, the bound is reached by and only by the complete graph. In the second
inequality, the bound is reached by the complete graph, among others. The result follows.
(d) Lower bounds for (11) and (13). It is easy to see that q1 + g and q1 · gare minimal for g = 3.
Indeed, from Lemma 6, q1(Kin,3) < max(di + dj) = 5, and for g  4, q1 + g  8 > q1(Kin,3) + 3
and q1 · g  16 > 3q1(Kin,3).
Moreover, it is well-known that q1 Δ + 1, with equality for and only for the star. Then, for a
connected graph on n vertices with g = 3 and Δ 4,we have q1 > 5. Hence, if G is a connected
graph on n 3 vertices with g = 3 whose largest eigenvalue q1 is minimal, then Δ = 3.
It is obvious that the graph that minimizes q1, under the constraints g = 3, is a unicyclic graph,
otherwise it is possible to strictly decrease q1 by removing edges without changing g. In what
follows we consider a unicyclic connected graph G on n vertices, with Δ = 3 and g = 3. We
regard G as constructed from the cycle C3 by attaching a (possibly trivial) rooted tree to each
vertex. Let Ti be the rooted tree attached by its root ri to the ith vertex of C3 (i = 1, 2, 3). If q1 is
minimal for G then, Ti is a path (i = 1, 2, 3), this is a direct consequence of Proposition 20.
Moreover, G does not contain as an induced subgraph a triangle with a pending edge attached
to each vertex (denoted by G1), or a triangle with two paths of length 2 attached to two distinct
vertices (denoted by G2). Indeed G1 has largest Q-eigenvalue q1 = 5.236 > 5 > q1(Kin,3) and
G2 has largest Q-eigenvalue q1 = 5.022 > 5 > q1(Kin,3).
Finally, let G3 be the graph G on n vertices, obtained from Kin−1,3 by attaching a pending edge
to one vertex of degree 2 of the triangle. Let the vertices in Kin,3 be labelled as follows (possibly
after renumbering), the vertices v4 and v5 are the two vertices of degree v2 in the triangle, the
vertex v3 is the vertex of degree 3, the vertex v2 is the vertex in the path that is adjacent to v3
and the vertex v1 is the vertex in the path that is adjacent to v2 (see Fig. 1).
Let x = (x1, x2, . . . , xn) be the Perron-eigenvector corresponding to q1. From the eigenvalue
equation we have
q1x2 = 2x2 + x1 + x3, (14)
q1x4 = 2x4 + x3 + x5, (15)
q1x5 = 2x5 + x3 + x4. (16)
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Fig. 1. Labels in Kin,3.
As q1 > 2 we deduce from (15) and (16) that x4 = x5. Hence x3 = (q1 − 3)x4. Moreover, from
Proposition 19, we have x1  x2, hence
(q1 − 3)x2  x3 = (q1 − 3)x4.
We obtain G3 from Kin,3 by rotating the edge v1v2 around v1 to the position of a non-edge v1v4.
We have x2  x4, hence, from Proposition 12, q1(G3) > q1(Kin,3).
Moreover, among thegraphsonnverticeswithgirth g = 3, q1 isminimal forKin,3. This completes
the proof.
(e) Upper bound for (13) when 4 n 15 and n 17 odd.
(e1) We ﬁrst give a lower bound on q1 · g for the turnip Tun,n/2+2 which will be compared
with upper bounds obtained later. Using the fact that q1 Δ + 1 [8], simple computations
give:
q1(Tun,n/2+2) · g (Δ + 1)g =
{
((n + 3)2 − 1)/4, if n is even,
(n + 3)2/4, if n is odd.
(e2) We next examine conditions for the extremal graph to be unicyclic. Let G be a graph on
n 7 vertices, with girth g  4 and C a cycle with minimal length. If G contains another
cycle C′ of length g′, then g′  g. Consider G′, the subgraph of G induced by C ∪ C′. We can
assume, without loss of generality, that C′ has atmost g/2 + 1 vertices in commonwith
C. Hence |G \ G1| n − 2g + g/2 + 1. It is not possible to link a vertex of G \ G1 to a
pair of adjacent vertices of G1.
We ﬁrst consider the case where C and C′ have at most two common vertices. Then |G \
G1| n − 2g + 6. As, from Lemma 6, q1 max(di + dj)i∼j , we obtain q1 · g (6 + |G \
G1|) g(n − 2g + 8)(n + 8)2/8. For n 10, we have (n + 8)2/6 < ((n + 3)2 − 1)/4.
If C and C′ have more than 3 vertices in common, then no two adjacent vertices in G′ have
degree 3. Hence q1  5 + |G \ G1|, and, q1 · g  g(n − 3g/2 + 6)(n + 6)2/6. For n 11,
we have (n + 6)2/6 < ((n + 3)2 − 1)/4.
Hence if G is a graph on n 11 vertices with g  4 and maximal value for q1 · g, then G is
unicyclic.
(e3) Now we show that an extremal unicyclic graph is a turnip. Let G be a unicyclic graph on
n 5, vertices with ﬁxed girth g  4 and maximal value for q1, then G is a turnip. This last
result can be obtained by adapting the proof technique of Theorem 1.1 in [25]. From [22],
we have q1(Tun,g)max(di + mi) where mi is the average degree of the neighbors of the
vertex i. Let G be Tun,g , the turnip on n vertices with girth g.
If vi is a vertex of degree 2, then di + mi  2 + (n − g + 4)/2. If vi is a vertex of degree 1,
then di + mi = n − g + 3. If vi is the vertex of degree n − g + 2, then di + mi = n − g +
3 + 2/(n − g + 2). So we have max(di + mi) = n − g + 3 + 2/(n − g + 2).
Hence q1 · g  g · (n − g + 3 + 2/(n − g + 2). The series deﬁned by un(g) := g · (n −
g + 3 + 2/(n − g + 2) is increasing until g = (n + 3)/2 and decreasing after. Computing
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givesun(n/2) < (n + 3)2/4 − 1/4, u((n + 8)/2)(n + 3)2/4 − 1/4, andun((n + 7)/2)
< (n + 3)2/4. Hence, if n is odd and g (n − 1)/2 or g (n + 7)/2, then q1(Tun,g) · g  q1
(Tun,n/2+2) · g. If n is even and g  n/2 or g  (n + 8)/2, then q1(Tun,g) · g  q1
(Tun,n/2+2) · g.
Moreover, from Lemma 14, we have q1(Tun,g) q1(S+n−g+3). Then computing the charac-
teristic polynomial for (S+n−g+3) and majorizing gives the upper bound q1(S+n−g+3) n −
g + 3 + 1/(2(n − g + 3)) for n − g  8. Hence for n 17, q1(Tun,(n+1)/2)(n + 5)/2 +
1/(n + 5)) and q1(Tun,(n+1)/2) · (n + 1)/2 < (n + 3)2/4. For n 21, q1(Tun,(n+5)/2)
(n + 1)/2 + 1/(n + 1)) and q1(Tun,(n+5)/2) · (n + 5)/2 < (n + 3)2/4. For n 22, q1
(Tun,(n+6)/2) n/2 + 1/n) and q1(Tun,(n+6)/2) · (n + 6)/2 < (n + 3)2/4 − 1/4.
Computing remainingparticular valueswithAGXgives, fornodd,q1(Tu17,11) ∗ 11 = 99.40,
q1(Tu17,10) ∗ 10 = 100.20, q1(Tu19,12) ∗ 12 = 120.34, and q1(Tu19,11) ∗ 11 = 121.25. For
n even, q1(Tu16,10) ∗ 10 = 90.37, q1(Tu16,11) ∗ 11 = 88.54, q1(Tu18,11) ∗ 11 = 110.31,
q1(Tu18,12) ∗ 12 = 108.44, q1(Tu20,12) ∗ 12 = 132.27, q1(Tu20,13) ∗ 13 = 130.36.
Hence, among the unicyclic graphs on n 5 vertices, if n odd, q1 · g is maximal for the
turnip Tun,n/2+2, if n is even, q1 · g is maximal for the turnip Tun,n/2+2 or Tun,n/2+1.
(e4) Finally, we consider the case g = 3. If g = 3, q1 is maximal for the complete graph and
q1 · g  6n − 6. For n 16, 6n − 6(n + 3)2/4 − 1/4. Hence for n 17, n odd, q1 · g is
maximal for the turnip Tun,n/2+2, and for n 16, and even, q1 · g is maximal for the
turnip Tun,n/2+2 or Tun,n/2+1.
For 4 n 15, we have 6n − 6 un((n + 3)/2). As q1 · g  un(n + 3)/2 for all unicyclic
graph G on n 4 vertices with g  4, we have q1 · g  6n − 6, for all graphs on 11 n 15
vertices and for all unicyclic graphs on 4 n 10 vertices. If G is a graph on n = 4 or
n = 5 vertices with g  4, then G is unicyclic. Now, let G be a non-unicyclic graph on
6 n 10 vertices with g  4. We have q1 · g  g(n − 3g/2 + 6) g(16 − 3g/2) 42 −
1/3. Hence, for 8 n 10, q1 · g is maximal for the complete graph. For n = 6, if G is
not unicyclic, then g = 4, and q1 · g  24 3q1(K6) = 30. For n = 7, if G is not unicyclic,
then g = 4 or g = 5, and q1 · g  28 3q1(K7) = 36. Hence, for all graphs G on 4 n 15
vertices, q1 · g  6n − 6, and equality holds if and only if G is the complete graph Kn. 
Remark 1. We have checked that the turnip Tun,n/2+2 gives a larger value to q1 · g than Tun,n/2+1, for
16 n 64 and even.
The study of the proximity and the remotenessρ gave the two following conjectures. Easy results
were found for the lower and upper bounds of q1 − , q1/, q1 − ρ and q1/ρ [21].
Conjecture 22. Let G be a connected graph on n 4 verticeswith signless Laplacian index q1 and proximity
. Then, for 4 n 13,
q1 · 2n − 2. (17)
The bound is attained by and only by the complete graph Kn.
For n 14, q1 ·  is maximum for and ony for the kite Kin,n/2.
Conjecture 23. Let G be a connected graph on n 4 vertices with signless Laplacian index q1 and remote-
ness ρ . Then
4 +
{ n+1
4
, if n is odd
n2
4(n−1) , if n is even
q1 + ρ. (18)
The bound for (18) is attained by and only by the cycle Cn.
For, n 10, q1 · ρ is maximum for and only for the kite Kin,n/2+3 or the kite Kin,n/2+2
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5. Bounds using connectivity invariants
We next consider bounds involving q1 and three well-known connectivity invariants: vertex con-
nectivity ν , edge connectivity κ , and algebraic connectivity a.
Proposition 24. Let G be a connected graph on n 4 vertices with signless Laplacian index q1 and vertex
connectivity ν. Then
2 q1 − ν  n − 5
2
+
√
4n2 − 20n + 33
2
, (19)
2 q1/ν  n − 3
2
+
√
4n2 − 20n + 33
2
. (20)
The lower bound for (19) is attained by and only by the cycle Cn. The lower bound for (20) is attained
by Cn, Kn for all n, the complete bipartite graph Kn/2,n/2, when n is even, and possibly others.
The upper bound for (19) and (20) are attained by and only by the kite Kin,n−1.
Proof. (a) Upper bound for (19) and (20). Let G be a connected graph on n vertices.
If ν = 1, then q1 is maximum for a graph formed by two cliques with a common vertex. Indeed,
from any graph with ν = 1 it is possible to obtain such a graph and increase q1 by adding edges. Then
it is not possible to add an edge without changing ν .
Let ω be the cardinality of the maximum clique of this graph, from Lemma 6 we have q1 <
max(di + dj) = n + ω − 2. Then, for ω n − 2, q1 < 2n − 4. Moreover, by the interlacing theorem,
q1(Kin,n−1) > q1(Kn−1) = 2n − 4. Hence, for ν = 1, q1 is maximum for Kin,n−1.
If ν  2, then q1/ν  n − 1. This completes the proof for (20).
Ifν = 2, then q1 ismaximum for a graphobtained from two cliques onn1 andn2 vertices (n = n1 +
n2 + 2, n1  n2) and two isolated vertices, by linking each isolated vertex to all the other vertices. We
have q1 max(di + mi) = n − 1 + (n − 1 + n1(n1 + 1) + (n − n1 − 2)(n − n1 − 1))/(n − 1),
which is maximum for n1 = 1. Then, for n 3 and ν = 2, q1 − ν  2n − 6 + 4/(n − 1) 2n − 5.
If ν  3, then q1/ν  2n − 5. This completes the proof for (19).
(b) Lower bound for (19). Let G be a connected graph on n vertices. Recall that for all graphs, δ  ν .
Ifν = 1, thenq1 − ν  1 + 2 cos(π/n)withequality for andonly for thepathPn. Henceq1 − ν = 2
for P3 and q1 − ν > 2 for n 4.
If ν = 2, then q1 − ν  2 with equality for and only for the cycle Cn.
If ν  3, then q1 − ν  2δ − ν  δ  3.
(c) Lower bound for (20). For all graphs we have, q1/ν  2δ/ν  2. For the cycle Cn and for the
complete graph Kn, q1/ν = 2. When n is even, for the complete bipartite graph K n
2
n
2
we also have
q1
ν
= 2. 
Turning to the edge connectivity κ we obtain the same lower and upper bounds than for ν . All of
them are proved in [21] with arguments similar to those of the proof of Proposition 24.
Easy results are obtained in ﬁve cases for the algebraic connectivity [21].
Conjecture 25. Let G be a connected graph on n 5 vertices with signless Laplacian index q1 and algebraic
connectivity a. Then
2 + 2 cos 2π
n
 q1 − an − 5
2
+
√
4n2 − 20n + 33
2
. (21)
The lower bound is attained by and only by the cycle Cn and the upper bound is attained by and only by
the kite Kin,n−1.
Moreover, q1/a is maximum for and only for the kite Kin,n/3+1, for all n 6.
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6. Bounds using subsets cardinality
In this sectionwestudybounds involvingq1 and threewell-known invariants expressedas cardinal-
ities of subsets of vertices of G: the independence number α, the clique numberω and the domination
number β .
Proposition 26. Let G be a connected graph on n 4 vertices with signless Laplacian index q1, indepen-
dence number α and domination number β. Then
q1 + α
⎧⎪⎨
⎪⎩
3n−2√2n2−4n+4
2
if n is even,
3n−2√2n2−6n+3
2
if n is odd,
(22)
q1 + β  2n − 1, (23)
q1 · α  n(n − 1) (24)
n q1 · β. (25)
The lower bound for (25) is attained by and only by the star Sn.
The upper bound for (22) is attained by and only by the complete split graph SKn,n/2 if n is even, and the
complete split graphs SKn,n/2 and SKn,n/2 if n is odd. The upper bound for (24) is attained by and only
by the star Sn. The upper bound for (23) is attained by and only by the complete graph Kn.
Proof
(a) Upper bound for (22) and (24). It is obvious that, for a given independence number α, the graph
that maximizes q1 is the complete split graph SKn,α . For SKn,α , we have
q1 =
√
n2 + 4n(α − 2) − 4α2 + 4 + 3n − 2α − 2
2
.
Hence q1 + α is maximum for α = n/2 if n is even, and for α = n/2 and α = n/2 if n is
odd. Moreover, q1 · α is maximum for α = n − 1, i.e., for the star Sn.
(b) Upper bound for (23). Let G be a graph on n vertices with signless Laplacian index q1, maximum
degree Δ and domination number β . It is known [28] that Δ + β  n, with equality if G is the
complete graph. Moreover, q1  2Δ, with equality for and only for regular graphs. The result
follows.
(c) Lower bound for (25). It is a direct consequence of the fact that β  n/(Δ + 1). 
Conjecture 27. Let G be a connected graph on n 4 vertices with signless Laplacian index q1 and inde-
pendence number α. Then
4 +
⌊
n
2
⌋
q1 + α, if n is odd, (26)
2n − 2q1 · α. (27)
The bound for (26) is attained by and only by the cycle Cn when n is odd. Moreover, if n is even, then
q1 + α is minimal for the graph on n 8 vertices obtained from two cycles of cardinality 2n/6 + 1 by
linking them by a path.
The bound for (27) is attained by the complete graph Kn, and the odd cycle Cn when n is odd.
Proposition 28. Let G be a connected graph on n 4 vertices with signless Laplacian index q1 and clique
number ω. Then
q1(Kin,3) − 3 q1 − ω, (28)
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q1(Kin,3)
3
 q1/ω. (29)
The bounds are attained by and only by the kite Kin,3.
Proof. Minimal graphs for (28) and (29). Ifω = 3, q1 isminimal for the kiteKin,3. LetG1 be the graph on
7 vertices obtained from Ki6,3 by attaching a pending vertex to the penultimate vertex of the pending
path. From Lemmas 14 and 20, for all n 7 we have q1(Kin,3) q1(G1) < 4.71 and q1(Kin,3)/3 1.57.
Ifω 4, we have q1 − ωω − 2 2. Ifω = 2, q1 is minimal for the path, and for n 6, q1(Pn) − 2 =
2 cos(π/n) 1.73 q1(Kin,3) − 3.
In thesameway, ifn 5,wehaveq1/ω 2 − 2/ω 1.6. ifω = 2andn 6, q1/ω 1 + cos(π/n)
1.86. Finally, let G2 be the graph on ﬁve vertices consisting of a clique on four vertices and a pendant
edge. Then, for all graphs on n 5 vertices, with ω = 3, q1ω q1(G2)/4 > 1.59. 
Conjecture 29. Let G be a connected graph on n 4 vertices with signless Laplacian index q1 and clique
number ω. Then
q1 − ω 3
2
n − 4, if n is even, (30)
q1/ω
n
2
. (31)
The bound for (30) is attained by and only by the complement of a perfect matching when n 6 is even.
Moreover, when n 9 is odd, q1 − ω is maximum for and only for the complement of a perfect matching
on n − 3 vertices and a triangle on the three remaining vertices. The bound for (31) is attained by and only
by the complete bipartite graphs Kp,q.
Some further easy results involving α,β and omega are described in [21].
7. Bounds using miscellaneous invariants
Finally, in this section, we consider bounds involving three well-known invariants: the chromatic
number χ , the matching number μ and the Randic´ index Ra.
Proposition 30. Let G be a connected graph on n 4 vertices with signless Laplacian index q1 and chro-
matic number χ. Then
1 q1 − χ , (32)
4
3
 q1/χ 
n
2
. (33)
The lower bounds for (32) and (33) are attained by and only by the odd cycle Cn when n is odd.
The upper bound for (33) is attained by and only by the complete bipartite graphs Kp,q.
Proof
(a) Lower bounds for (32) and (33).
If χ = 2, q1 − χ  2 cos(π/n) > 1 and q1/χ  1 + cos(π/n) > 4/3 for all n 4.
If χ = 3, then G is not a path and q1  4. If n is odd, the bound is reached for an odd cycle. If n is
even the bound cannot be reached.
If χ  4, it is known that λ1 χ − 1 [29]. Thus
q1 − χ  2λ1 − χ χ − 2 2 and q1
χ

2λ1
χ
 2 − 2
χ

3
2
.
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Hence q1 − χ  1 and q1/χ  4/3. The equalities hold if and only if G is an odd cycle.
(b) Upper bound for (33).
If χ = 2, q1 is obviously maximum for the complete bipartite graphs and q1(Kp,q) = n.
If χ = 3, then q1  4/3 and q − 1/χ  4n/9 < n/2.
If χ  4, then q − 1/χ (n − 1)/2. This completes the proof. 
Remark 2. In fact, it is possible to identify the extremal graphs for (32) and (33) when n is even. Let G
be the connected graph on n 4 vertices, n even, that minimizes q1 − χ . Then G is a unicyclic graph
consisting of a cycle on n − 1 vertices and a pending edge Loln,n−1.
First, for a lollipop Loln,g different from Cn,
q1 − χ < max
i∼j (di + dj) − χ = 2,
where (i, j) runs over all pairs of adjacent vertices of G and d1, d2, . . . , dn denote vertex degrees of G.
Second, from Lemma 14, it is possible to strictly reduce q1 by subdividing an edge of the cycle and
deleting a pending vertex. For any initial unicyclic graph G which is not a cycle, it is possible to obtain
Loln,n−1 by repeating this operation. Hence for n even and χ = 3, q1 is minimum for Loln,n−1.
Conjecture 31. Let G be a connected graph onn 6 verticeswith signless Laplacian index q1 and chromatic
number χ . Then
q1 − χ  3
2
n − 4 if n is even. (34)
The bound is attained by and only by the complement of a perfect matchingwhen n is even. Moreover, when
n 9 is odd, q1 − χ is maximum for and only for the complement of a perfect matching on n − 3 vertices
and a triangle on the three remaining vertices.
Lemma 32 [30]. Let G be a graph on n vertices with signless Laplacian index q1 and matching number μ.
Then,
(i) If n = 2μ, or 2μ + 1, then q1(G) q1(Kn) = 2n − 2, with equality if and only if G is Kn.
(ii) If 2μ + 2 n(5μ + 3)/2, then q1(G) 4μ. Moreover if n /= (5μ + 3)/2 the equality holds for
a disconnected graph.
(iii) If n > (5μ + 3)/2, then q1(G)(n − 2 + 2μ +
√
(n − 2 + 2μ)2 − 8μ2 + 8μ)/2.
Proposition 33. LetG bea connected graphonn 4verticeswith signless Laplacian indexq1 andmatching
number μ. Then
q1 − μ 2(n − 1) −
⌊
n
2
,
⌋
(35)
q1/μ n, (36)
n  q1 · μ. (37)
The lower bound for (37) is attained by and only by the star Sn.
The upper bound for (35) is attained by and only by the complete graph Kn. The upper bound for (36)
is attained by and only by the star Sn.
Proof
(a) Upper bound for (35). Let G be a connected graph on n vertices.
If n = 2μ or 2μ + 1, we have 2n − 2 − n/2.
If 2μ + 2 n(5μ + 3)/2, from Lemma 32, we have q1  4μ. Then, since G is connected, q1 −
μ 3μ < 2n − 2 − n/2. If n > (5μ + 3)/2, then from Lemma 32
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q1 − μ 1
2
(
n − 2 + 2μ +
√
(n − 2 + 2μ)2 − 8μ2 + 8μ
)
− μ
 (n − 2 + 2μ) − μ, since μ2 − μ 0,
<n − 2 + 2n − 3
5
= 1.4 n − 2.6,
<2n − 2 −
⌊
n
2
⌋
.
This completes the proof of (35).
(b) Upper bound for (36). Let G be a connected graph on n vertices. If μ = 1, G is the star Sn and
q1/μ = n. If μ 2, then q1/μ n − 1. Hence q1/μ is maximal for and only for the star Sn.
(c) Lower bound for (37). Let G be a connected graph on n vertices with matching number μ. Then
G has a spanning tree which has the samematching number and a not larger q1. So the extremal
graph is a tree.
Let T be a tree on n vertices andM amatching on T obtainedwith the following greedy algorithm:
beginningwithM = ∅, at each iterationweselect apendingedgeuv,where v is apendingvertex,
add it to M and delete all edges incident with u. This removes at most Δ edges from the n − 1
edges of T . Hence μ |M|(n − 1)/Δ(n − 1)/Δ n/(Δ + 1) n/q1, as q1 Δ + 1 [8].
Substituting this bound for q1 yields the result. The last inequality is sharp for and only for the
star Sn. 
Proposition 34. Let G be a connected graph on n 4 vertices with signless Laplacian index q1 and Randic´
index Ra. Then
7
2
+ 2 cos π
n
− n
2
− √2 if n 10
4 − n
2
if n 11
}
 q1 − Ra, (38)
4+4 cos(π/n)
n−3+2√2 if n 14
8
n
if n 15
⎫⎬
⎭ q1/Ra. (39)
The bounds for (38) (resp (39)) are attained by and only by the path Pn for n 10 (resp n 14), and
the cycle Cn for n 11 (resp n 15).
Proof
(a) Lower bounds for (38) and (39). It is known that q1 is minimum for the paths and that, among
the trees, the Randic´ index is maximum for the paths. Hence, for all trees,
q1 − Ra 2 + 2 cos π
n
− n
2
+ 3
2
− √2 and q1
Ra

4 + 4 cos(π/n)
n − 3 + 2√2 .
Ifm n, the cycle maximizes the Randic´ index and minimizes q1. Hence, under that constraint,
q1 − Ra 4 − n
2
, and
q1
Ra

8
n
.
We now have to compare 2 with 2 cos(π/n) + 3/2 − √2, and (4 + 4 cos(π/n))/(
n − 3 + 2√2
)
with 8/n.
The series (un)n 2 deﬁned by un = 2 cos(π/n) − 1/2 −
√
2 is increasing. Now u10 = −0.012
and u11 = 0.04. The series (vn)n 2 deﬁned by vn = (4 + 4 cos(π/n)/
(
n − 3 + 2√2
)
− 8/n
is increasing. Now v14 = −0.0001 and v15 = 0.0003. The result follows. 
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Conjecture 35. Let G be a connected graph on n 4 vertices with signless Laplacian index q1 and Randic´
index Ra. Then
q1 − Ra 3
2
n − 2, (40)
1
2
+ 2 cos π
n
+ n
2
+ √2 q1 + Ra, (41)
q1/Ra
⎧⎨
⎩
4n−4
n
, if 4 n 12,
n√
n−1 , if n 13,
(42)
(
1 + cos π
n
)
(n − 3 + 2√2) q1 · Ra. (43)
The lower bounds for (41) (resp (43)) are attained by and only by the path Pn.
The upper bound for (40) is attained by and only by the complete graph Kn. The upper bound for (42) is
attained by and only by the complete graph Kn if 4 n 12, and by and only by the star Sn if n 13.
Easy results involving χ ,μ and Ra are given in [21].
8. Conclusions
In this paper, we begin a systematic study of bounds and conjectures on the signless Laplacian
spectrum involving also various classical graph invariants. More precisely, we consider relations the
form AGX 1 [18] involving the index of the signless Laplacian and several graph invariants, one at a
time. For each of them we consider an expression of the form q1 ⊕ i(G) and use the AGX system to
ﬁnd best possible lower and upper bounds as functions of the order n ofG. This often succeeds. Indeed,
we obtain algebraic conjectures in 120 cases out of 152. Moreover, we obtain structural conjectures,
i.e., descriptions of the extremal graph, in 12 of the remaining cases. In 20 cases, the graph obtained
by AGX were too disparate to lead to conjectures. Observe that this happens mostly for lower bounds
on the sum q1 + i(G) and for lower and upper bounds on the product q1 · i(G). Moreover this mostly
happens with metric invariants. Among conjectures found, 73 were known or were easily proved by
checking if the adequate list of extremal graphs for q1 and i(G) have non-empty intersection. Proofs
are also given in 42 cases, and 17 conjectures remain open. Results go from straightforward proof of
observations to somewhat longer proofs of propositions and a long proof for a theorem. AGX thus
appears to provide notable help in the study of the signless Laplacian index.
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